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Experimental measurements of the piezoelectric current from impact-loaded X-cut quartz 
are utilized to determine the finite-strain piezoelectric and elastic constitutive relations for 
uniaxial strain 111 from 2.4 X 10-3 to 4. 3 X 10-2• The measurements are analyzed to provide 
values for the linear piezoelectric stress constant ell' the direct-effect nonlinear constant 
81111/ &1]1' the strain dependence of the permittivity, and the second-, third-, and fourth­
order longitudinal elastic constants. It is found that consitutive relations developed to de­
scribe nonlinear responses at small strains describe the response of X-cut quartz for the 
large strains employed in the present investigation. The results show that ell = (0.1711 
± 0.00094) C m- 2, 8ell/8111=-2.64± 0.048 C m-2, and €iI8€11/&1]I=-0.46± 0.13 . The elastic 
constants are cll = (0.868± 0.009 5) x 10 12 dyn cm-2, Cl11 = (-3.0± 0.3) X 1012 dyn cm-2, and cllll 
= + (75 ± 25) x 10 12 dyn cm-2• Data from previous authors are analyzed to obtain values for the 
nonlinear piezoelectric constants at 573 and 79 OK . 

I. INTRODUCTION 

This paper reports measurements of nonlinear 
elastic and piezoelectric constitutive relations for 
x-cut a quartz. 1 Elastic shock-compression re­
sponses are utilized to measure the piezoelectric 
stress constant ell, the strain dependence of ell, 
the strain dependence of the permittivity, and the 
strain dependence of the longitudinal elastic con­
stants. The measurements are accomplished for 
elastic compressions of from 2.4 X10-3 to 4.3 
X 10-2 . The present work is the first quantitative 
experimental determination of a nonlinear piezo­
electric constitutive relation. 

An elastic shock wave is introduced into each 
sample by subjecting the X-cut quartz disk to a 
preCisely controlled planar impact. As a result of 
the impact, a shock wave traverses the disk 
causing a current to flow in a low-impedance resis­
tive circuit connecting electrodes on the faces of 
the disk . The current pulse is a result of the di­
rect piezoelectric effect2

; as such, the current 
provides a direct measure of the piezoelectric 

polarization of the shock-loaded sample. Since X­
cut quartz remains elastic to strains of 4.3 x 10-2

, 

the contributions of the nonlinear piezoelectric and 
elastic constants are large and may be readily de­
tected. 

Various nonlinear acoustic effects in elastic 
solids were recently reviewed by Zarembo and 
Krasil'nikov. 3 Of particular interest are the non­
linear interactions of acoustic and microwave elec­
tric fields in piezoelectric solids which lead to 
unique electrical responses at microwave frequen­
cies. 4 Although the microwave experiments have 
demonstrated the existence of the nonlinear inter­
actions, the nonlinear piezoelectric constants have 
not yet been measured. Acoustic s€cond-harmonic­
generation experiments in X-cut quartz have shown 
the existence of nonlinear piezoelectric responses; 
however, the experiments provided only an order­
of-magnitude estimate for the nonlinear piezoelec­
tric constant. 5,6 

Third-order elastic constants characteristic of 
the unstrained state have been determined for a 
number of solids. 3.7 The present investigation ex-
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tends these measurements by several orders of 
magnitude in strain amplitude. Recently, third­
and fourth-order longitudinal elastic constants were 
determined for sapphire and fused quartz in a man­
ner similar to that employed in the present investi­
gation. 8 

Previous investigations of short-circuited piezo­
electric currents from shock-loaded x-cut quartz 
have served to delineate the principal features of 
the piezoelectric response for stresses from 2. 6 to 
300 kbar. 9-13 In this stress range, drastically 
different current-vs-time pulses are observed 
which range from those which can be described in 
terms of linear elastic constitutive relations to 
those which must be described with highly nonlinear 
inelastic and electrical properties. The principal 
observations of these earlier investigations were 
that X-cut quartz exhibits (i) a very large elastic 
limit under shock loading, 10,14,15 (ii) a small in­
crease in piezoelectric constant with compression,11 
and (iii) distortion of current-time waveforms due 
to shock-induced conductivity in the elastic 
range. 1Z,13 

This paper is organized in the following way. 
Nonlinear constitutive relations for elastic and 
piezoelectric solids are presented in Sec . II. The 
experimental arrangement is then described in 
Sec. ill. An electrostatic model is developed in 
Sec. IV to relate the measured displacement cur­
rents to the strain-induced piezoelectric polariza­
tion. Following the presentation of results in Sec. 
V, the various piezoelectric elastic constants and 
dielectric constants are compared to related work 
in Sec . VI . Data from previous authors are ana­
lyzed to obtain the temperature dependence of the 
nonlinear piezoelectric constant. Finally the prin­
cipal results of the investigation are summarized 
in Sec. VII. 

U. NONLINEAR CONSTITUTIVE RELATIONS 

Nonlinear constitutive equations describing the 
elastic response of materials are frequently de­
veloped from expansions of strain energy in powers 
of a finite-strain measure. When truncated after 
the first or second nonlinear term, the equations 
have been successfully used to describe nonlinear 
effects observed at small strains. 18 The applica­
bility of these equations to the description of solids 
at the large elastic compressions employed in the 
present investigation remains to be demonstrated. 
In this regard, the quantitative values obtained for 
the nonlinear coefficients in the present experi­
ments provide an explicit measure of the applica­
bility of the expansions to the large strains em­
ployed. 

While general concepts in nonlinear elasticity 
are well established, the extension of the theory 
to include electrical effects is nontrivial and is 

the subject of active investigation by Toupin, 17 
Eringen,18 and Tiersten. 19 Toupin17 first pointed 
out that considerations of invariance indicate that 
the use of local polarization, not the macroscopic 
electric field, leads to rotationally invariant equa­
tions. Since the present investigation is restricted 
to one-dimensional measurements, rotational in­
variance need not be invoked, and the interpreta­
tion of the measurements will be based on consti­
tutive equations which employ the electric field. zo 
It should be noted that the experimental data them­
selves will be used to justify the form of the piezo­
electric constitutive relation. 

A. Nonpiezoeiectric Elastic Solids 

Following Thurston, 18 finite deformations are 
described in terms of a coordinate system (all az, 
aa) which identifies a material particle and a coor­
dinate system (x 1> xz, xa) which identifies a spatial 
position. The XI are spatial or Eulerian coordi­
nates and the al are material or Lagrangian coor­
dinates. The displacement d l may be written 

dl=xl-al, i=1,2,3. (1 ) 

Lagrangian or material strains 17J. are then defined 
as the difference of the squares of the lengths of 
line elements as 

(2) 

where the Einstein summation is used. The con­
stitutive relation will be developed from an expan­
sion of internal energy U at constant entropy s. It 
is convenient to define a thermodynamic tension 

tkm=po (a~~J. 
and elastic constants of the form 

C1Jkl =( :~!~ ). . (3) 

Expanding the internal energy U(17, s) about the 
unstrained state, we find 

[U(TJ, s)- U(O, s)]= tC:JU 17IJ17kl + tC:Jklmn17IJ17kl17mn 

Hence, (4) 

tlJ = c:J • , + t c:J• ,mn17Ij17U 

+ higher-order terms (h. o. t.). (5) 

Since the present experiments are concerned 
only with longitudinal response in uniaxial strain, 
Eq. (5) is specialized with more compact notation 
to yield 
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where c~l> C~ll' and c1111 represent isentropic sec­
ond-, third-, and fourth-order elastic constants. 
Unlike conventional experiments which evaluate 
high-order elastic constants at low strain, the 
present paper will interpret the coefficients of Eq. 
(6) as those which define the expansion over the 
range of elastic compressions achieved in the ex­
periments. 

B. Piezoelectric Elastic Solids 

The piezoelectric constitutive relation is formu­
lated as for the elastic solid except that the internal 
energy is further considered to be a function of the 
electric field E . The internal energy function 
U = U (71, s, E) is expanded at constant entropy. 
When the derivatives of this expansion, t =Po(BU/ B71) 
and D =Po(BU/ BE), are specialized to uniaxial strain 
and electric field, the constitutive relations are 

and 

t El E 2 E 1 Bell E2 
1 = Cll71l + "2 Clll711- ell 1 - "2 -E 1 

B 1 

1 BEl J?: BEll 
+"2 BEl 1 + a7h 711El + h. o. t. , 

where Ellis the permittivity at constant strain . 

(7) 

(8) 

The present experiments are conducted with the 
electrodes connected with an effective electrical 
short circuit. This condition imposes time-variable 
electric fields in the sample and greatly compli­
cates exact analysis of the data. Fortunately, how­
ever, the interaction among the elastic and piezo­
electric constants in x-cut quartz is smaller than 
the experimental errors, and the interactions can 
be neglected in the evaluation of Eq. (7). Hence, 
in determining the elastic constitutive constants for 
X-cut quartz the "weak- coupling" approximation 
will be employed. This has the effect of interpret­
ing the data as if the piezoelectric contribution to 
stiffness were zero even though the experiment in­
volves a small contribution to each constant from 
the piezoelectric stiffening. This contribution is 
equal to 0.86% of cfl in the linear theory. 21 

Thurston et al. 22 have noted that differences be­
tween third-order constants in quartz due to differ­
ent electrical boundary conditions were too small 
to be detected. Thus, the weak-coupling approxi­
mation should provide an excellent approximation 
to the experiment. To emphasize the approxima­
tion, however, the notation specifying the electrical 
boundary condition is dropped from the elastic 
constitutive relation. 

All the terms in the piezoelectric constitutive 
relation, Eq. (8), are of potential influence. Carrs 

has estimated a value of BE tI BEl = - 10-22 C V-2 

which will have a negligible contribution of less than 
0 . 1% in Ell at the maximum field encountered in 
the present experiments. Equations (7) and (8) are 
then reduced to 

(9 ) 

and 

D l =(e ll +i ~e~ll 711) 71l+(E11+ ~~\l 71 l)El +h. O. t. 
(10) 

The experimental results will be expressed in 
terms of the nonlinear elastic and piezoelectric 
constitutive r~lations given in Eqs. (9) and (10). 
The analysis will be accomplished in such a way 
as to determine the applicability of the form of the 
constitutive relations to the observed large-strain 
behavior of quartz and to determine the appropriate 
constants. 

Before proceeding with the development of an 
electrostatic model which relates the experimental 
observations to the constitutive relations, it will 
be helpful to describe the experimental configura­
tion . 

III. EXPERlMENTAL 

The experimental data are obtained from samples 
in a one-dimensional configuration in which planar 
elastic shock waves are introduced by precisely 
controlled planar impacts. As the elastic shock 
wave imparted by the impact propagates through 
the sample, the resulting short-circuited current 
pulse is recorded. These current-vs-time pulses 
may then be analyzed with an electrostatic model 
to obtain values for the piezoelectric polarization, 
the wave speed, and the ratio of strained to un­
strained permittivity at each of a number of differ­
ent strain amplitudes. The strain amplitudes are 
chosen to have values which range from those in 
which nonlinear contributions are negligible to 
those in which nonlinear contributions are substan­
tial. 

The planar-impact technique is now widely and 
routinely employed to measure both electrical23 and 
mechanical24 responses of shock-loaded solids. 
Considerable improvement in the critical details 
of the experimental technique have been accom­
plished since the previous studyll of the response 
of shock-loaded quartz. Experimental details were 
recently described25

; hence, only the main features 
of the technique will be described here. 

As shown in Fig. 1, X-cut quartz specimen disks 
are encapsulated in Epoxy potting and attached to 
the muzzle of a compressed-gas gun. 26 The pro­
jectile, faced with an X-cut quartz disk, is ac­
celerated down the evacuated barrel and impacted 
upon the specimen with preCise control on the align­
ment of the impacting surfaces. Immediately prior 
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FIG. 1. Elastic shock waves are introduced into X-cut 
quartz samples by the precisely controlled impact of 
projectiles faced with X-cut quartz disks. As the elas­
tic shock wave propagates through the sample, the re­
sulting short-circuited piezoelectric current is monitored 
with a low-impedance resistive circuit connecting the two 
electrodes. Immediately prior to impact, the velocity of 
the projectile is measured to an absolute accuracy of 
± 0.1%. Impact velocities of from 27 to 510 m sec- t , 

corresponding to strains of from 2.4 x 10-3 to 4.3 X 10-2, 

were utilized in the present investigation. The sample 
is constructed with a peripheral guard ring which ensures 
states of uniaxial strain, uniaxial piezoelectric polariza­
tion, and uniaxial electric field along the x axis of the 
quartz disk. 

to impact, the velocity of the projectile is measured 
by coaxial pins which protrude through the side of 
the barrel. The short-circuited current from the 
specimen is monitored with a low-impedance resis­
tive circuit, displayed on a high-frequency oscillo­
scope, and recorded on high-speed Polaroid film. 
Thus, the apparatus produces a well- controlled 
impact between identical materials and provides an 
accurate measure of the projectile velOCity as well 
as an accurate measure of the current-time pulse 
from the shock-loaded sample. Various strain 
values are achieved by experiments at various 
preselected velOCities; the present experiments 
were conducted from 27 to 510 msec- I. 

Due to the symmetry of the impact of identical 
materials, the particle velOCity U imparted to the 
specimen is 

1 
U = zUo, 

where Uo is the velocity of the projectile at impact. 
The projectile velocity is measured with a maximum 
error of O. 1%. 

The diameters and thicknesses of the specimen 
and projectile facing disks are chosen to prevent 
unloading from lateral surfaces during a single 
wave transit time. This ensures a state of uniaxial 

strain in the specimen. The thickness of the facing 
disk is chosen to control the arrival time of the 
unloading from the rear of the faCing. In most 
cases the unloading time was longer than the shock­
wave transit time through the sample. Some of the 
data were obtained during the previously reported 
study of the unloading response of X-cut quartz. 13 

In those cases the thickness of the faCing disk was 
chosen to cause unloading at preselected times. 

The specimen is constructed from a large diam­
eter to thickness disk with a peripheral guard ring 
applied to the electrode opposite the impact face. 
It has previously been demonstrated that a configu­
ration in which the width of the guard ring is equal 
to or greater than 1. 5 times the thickness of the 
disk will ensure states of one-dimensional strain 
and electric field in the central region of the disk 
for one wave transit time. 11 The present experi­
ments confirm that observation. However, at the 
very low impact velocities, i. e., < 80 m sec-I, it 
was noted that wider guard-ring widths were re­
quired to obtain current pulses which agreed with 
the electrostatic model. This latter condition is 
apparently due to impacts occurring first at the 
peripheral area of the disk; the resulting signal 
from the guard-ringed area is then coupled electro­
statically into the inner electrode Signal. 

The piezoelectric effect produces very large 
electric fields; (104_106 V cm-I); hence, consider­
able care is taken to ensure excellent electrical 
insulation on the lateral edges· of the disk and in 
the insulating gap cut between the inner electrode 
and the guard ring. The insulating gap has an area 
typically 3% of the area of the inner electrode. The 
effective collecting area of the inner electrode is 
taken to include one-half the area of the insulating 
gap. 

Each specimen is visually inspected for defects 
under a strong side light. The material investi­
gated was synthetic quartz grown by Sawyer Re­
search Products and cut to the disk configuration 
by the Valpey-Fisher Corp. Each experiment is 
destructive; hence, variation in material proper­
ties from sample to sample will introduce statis­
tical errors. Statistical errors due to sample-to­
sample variation of properties were observed to be 
less than the experimental errors. 

Planar impact is assured by rigidly controlling 
all dimensions contributing to the alignment. For 
the thick impactors used in the present investiga­
tion the median deviation from a planar impact, 
called "tilt, " was 250 IJ.rad. Experiments for im­
pact velocities less than 50 m sec-I require excep­
tional control on alignment. A median value of 
tilt of 150 IJ.rad was aChieved. 

The velocity imparted to each specimen is known 
to a maximum error of 0.1%; hence, the accuracy 
of the piezoelectric constants is limited by the ab-
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FIG. 2. Current amplitude vs time for a typical os­
c illoscope record is shown in the center trace. Time 
increases from left to right. The upper and lower traces 
are amplitude and timing calibration records taken imme­
diately following the experiment. About 450 nsec prior 
to impact, the trace is triggered. The impact is indicated 
by the sharp jump in current followed by a gradual in­
crease in current to shock-wave transit time which is 
indicated by a sharp decrease in signal amplitude 1.11 
J,lsec after impac t. The current amplitude is 0.67 A at a 
strain of 2. 8 x 10-2• 

solute accuracy of the current-vs-time-pulse mea­
surements. The considerable care and special 
calibrations employed to give an over-all maximum 
experimental error of between t and 1% have been 
previously described in the technique article. 2S 

A typical current-vs-time record is shown in 
Fig. 2. The response shows a jump to a first 
steady current value followed by a slight linear in­
crease in current up to wave transit time. Note 
that the transit time of the shock wave through the 
sample is marked by a sharp discontinuity in cur­
rent. Features of this current pulse will be inter­
preted in terms of the electrostatic model developed 
in Sec. IV. 

IV. PIEZOELECTRIC-PULSE ANALYSIS 

The experiments provide measures of the parti­
cle velocities imparted to the samples, the transit 
time of the elastic shock waves through known 
thicknesses, and the time-resolved amplitude of 
the short-circuited current. In this section the 
relationships among these experimental measure-

ments and the corresponding elastic, piezoelectric, 
and dielectric properties will be established. The 
conservation of mass and momentum are used to 
compute the stress and linear strain, while an 
electrostatic analysis is used to determine piezo­
electric polarization from the current-pulse mea­
surement. Finally, a small correction is applied 
to the electrostatic analysis to include the effect 
of electromechanical coupling. 

A. Characterization of Elastic Shock Waves 

Shock waves in solids have been extensively 
utilized to determine the very high-pressure equa­
tion of state. 27 At very high pressure the solid is 
typically considered to react as a fluid since the 
pressure greatly exceeds the shear strength of the 
solid. 28 At lower pressures the solid may be 
treated as an elastic-plastic solid. 29 In the present 
case the solid has an unusually large shear 
strength, and stress amplitudes are limited to 
values less than that required to exceed the shear 
strength. In spite of the different material proper­
ties, the characterization of the shock compression 
may be accomplished with the conservation of mo­
mentum and mass across the shock front. 

Consider a steady nondissipative elastic shock 
wave moving into an unstressed medium at rest. 
Behind the shock front the material moves with a 
particle velocity u and is stressed to a longitudinal 
stress u. The conservation of momentum across 
the shock front may be expressed as 

(11) 

where UI is the component of compressive stress 
in the propagation direction, Po the unstressed 
density, u the particle velocity imparted by the 
shock front, and U the shock-wave velocity. [In 
the low-strain limit, U = (cll / Al)1/2.] From the con­
servation of mass across the shock front, the uni­
axial compreSSion y can be written as 

y=u/ U. (12) 

The experiments provide a measure of both U and 
u; therefore, sufficient data are obtained to com­
pute both the linear uniaxial compression and the 
stress achieved in each experiment. 

The material-strain measure which includes 
quadratic differential elements, Eq. (2), can be 
computed from each linear compreSSion point 
through the coordinate transformation which was 
formally developed by Fowles. 15 Thus, in uniaxial 
compreSSion, 

(13) 

Similarly, the thermodynamic tension, which is 
used to compute the high-order constants, Eq. (3), 
can be computed from the stress by the transforma­
tion 



! i 

• 

I 
; 
ii 

I ; 

I 
~ 
= 
~ 

i 
: 
• 
· ; 
ii 

I 
I 
! 
i ! 

I~ 

11 

4784 R. A. GRAHAM 6 

_u 

p 
rz • x-AXIS 

( 2 ( I 

1 •• ----/ 0 
+ 

FIG. 3. Electrostatic mode.! used to interpret the 
current-vs-time records is depicted by a section through 
the uniaxial sample at a typical time. The shock front, 
moving from left to right at a velocity U, divides the 
sample into two characteristic regions. Behind the front, 
the sample is strained to a constant value of piezoelectric 
polarization P~. To accommodate the electric short cir­
cuit between the two electrodes, electric fields EI and 
E2 are developed in both the strained and unstrained re­
gions. The strained permittivity (2 and unstrained per­
mittivity (I are characteristic of the two regions. The 
left electrode moves with a velocity u which acts to cause 
a small decrease in thickness in time. 

(14) 

The shock-induced temperature rise due to 
adiabatic compression can be readily computed. At 
the maximum compression utilized in these experi­
ments, the temperature rise is 10 °C. This in­
crease in temperature will cause fractional changes 
in the elastic stiffness c ll , the piezoelectric stress 
constant ell. and the permittivity €l of 4 . 9 Xl0-\ 
1. 6 x 10-3

• and 2. 8 x 10-\ respectively . 30 These 
changes are negligible in the present experiments; 
hence, temperature effects will be neglected. 

B. Electrostatic Configuration 

The propagation of an elastic shock wave through 
a piezoelectric solid with short-circuited electrodes 
will be described in terms of the electrostatic 
configuration shown in Fig. 3. A section through a 
one-dimensional region of the disk shows the shock 
front at a typical time before traversing the thick­
ness of the disk . In mOving from left to right, the 
shock front divides the disk into two characteristic 
electrostatic regions. In the region behind the 
shock front the sample is strained to a constant 
value of piezoelectric polarization P~. To accom­
modate the short-Circuited condition between the 
electrodes, time-dependent electric fields E(t) are 
developed with polarities as shown. The left face 
of the disk moves with particle velocity u. The 
polarization, strain, and electric fields are collin­
ear along the x axis of the disk. 

The shock wave moves with a speed slow com­
pared to the speed of an electromagnetic distur-

bance; hence, the analysis utilizes electrostatic 
solutions and neglects electromechanical coupling 
effects. Since quartz has a small value for elec­
tromechanical coupling, the weak-coupling solution 
provides an excellent approximation to the present 
experiments and the electromechanical coupling ef­
fects can be treated as a small perturbation to the 
electrostatic solution. 

C. Electrostatic Analysis 

It is convenient to define the electric displace­
ment D as 

(15) 

where PT/ is the piezoelectric polarization and € is 
the permittivity. The analysis will obtain a solu­
tion for the displacement current i, 

. AdD 
Z = dt ' (16) 

where A is the area of the collecting electrode. If 
there is no free charge in the disk. 1. e. , the con­
ductivity31 equals zero, V· D = 0; hence, for the 
one-dimensional case, 

aD =0 
ax . (17) 

The electrical short circuit imposes the following 
condition between the electrodes: 

hblClme.9 E(x) d.x = 0 • (18) 

The basic conditions expressed in Eqs. (15)-(18) 
can be readily applied to the particular configura­
tion used in these experiments. The ~hort-circuit 
condition of Eq. (18) leads to 

(19) 

where II and la are the time-dependent thicknesses 
of the unstressed and stressed regions. From Eq. 
(17) it follows that 

(20) 

Equations (19) and (20) thus lead to the result that 

D = € lEI = PT/[l +c~ll (t)/ la(t )]-1 , (21) 

where QI is the ratio of the strained-to-unstrained 
permittivitY€2 / €I; ll=Zo-Ut; andl2 =(U-u)t. 
The displacement current is then 

i(t)to a(l - u / U) 
P~ = [(1- u/U) (t / to) + QI(1- t / to)"f ,0 < t < to 

(22) 
where to=loU- l , the shock-wave transit time. 

In the normalized form shown in Eq. (22), the 
current is close to a unit step function. This is 
apparent when the maximum value of u/U = O. 04 
and the maximum value of QI = 1. 02 are substituted 
into the equation. The form of this solution is in 

· 

• · 
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good agreement with the experimentally observed 
current pulses shown in Fig. 2. This good agree­
ment serves to demonstrate the validity of the 
model. 

It will be convenient to analyze the data with the 
value of current at t = 0 called ii, and the current at 
shock-wave transit time to, called if . From Eq. 
(22) we see that 

(23) 

Thus, this ratio of currents provides an experi­
mental measure of the ratio of the strained-to-un­
strained permittivity. The current value when the 
shock enters the disk provides a direct convenient 
measur e of the piezoelectric polarization . From 
Eq. (22), 

_ toa 
p~ - A(1- uIU) ii' (24) 

The direct relation between current and piezo­
electric polarization shown in Eq. (24) allows each 
curr ent m easurement at a particular strain to 
serve as a dir ect measure of the polarization. The 
electrostatic model leading to Eq. (24) does not in­
clude the effect of electromechanical coupling on 
the current wave shape; however, a small correc­
tion to the basic model will permit accurate solu­
tions which incorporate electromechanical coupling. 

D. Electromechanical Coupling 

Several authors have obtained analytical solutions 
for the effect of electromechanical coupling on a 
short-circuited current from piezoelectric disks. 32

-
34 

The total correction to the polarization computed 
from the electrostatic model is only about 1% for 
the present experiments; however, the accuracy 
of the present experiments makes this correction 
necessary. Stuetzer32 has shown that electrome­
chanical coupling has the effect of modifying the step­
function current pulse in such a way that i(t) 
= i j e

Bk2t 
Ito, where k 2 is the electromechanical cou­

pling, e~l I E!CPl = O. 0084,21 and B is a constant 
which depends upon the acoustical boundary condi­
tions at the electrodes. Values for Bare 1. 0, 1. 5, 
or 2 . 0 depending upon whether the acoustic impe­
dances of the two electrodes are, respectively, 
matChed-matched, matChed-free, or free-free. 

For the present experiments the configuration is 
acoustically matched at the input electrode and has 
Epoxy potting with an acoustic impedance one-fifth 
the value of x-cut quartz on the opposite face. In 
addition to the Epoxy, a solder joint and wire con­
nect to the electrode remote from the impact face. 
Linear interpolation with the acoustic impedance 
shows that the Epoxy would cause a value of B= 1. 4. 
Our low-strain experiment in which the current­
time response is measured provides a direct m ea­
sure of i(t) which is in good agreement with B = 1. 4. 

These considerations lead to the result that the 
ratio of currents at small strains R caused by 
electromechanical coupling is R = e

1
•
4k2

• A small 
increase in R with strain is anticipated from the 
preliminary data analysis which determines values 
for ell, Ell, and c ll at large strains. From these 
results it follows that 

R (y) =1.012 + O. 28y . (25) 

The initial current-jump value i j used to compute 
the piezoelectric polarization is unaffected by elec­
tromechanical coupling. However , the experimen­
tally observed ratio of final current to initial cur­
rent, if l i j , includes a contribution due to the elec­
tromechanical coupling. Thus, the value of a cor­
responding to the ratio of the permittivity of the 
strained-to-unstrained material is less than that 
predicted in the electrostatic model without elec­
tromechanical coupling. The computation of a 
value for a which includes correction for electro­
mechanical coupling is then 

(26) 

The electrostatic analysis with minor modifica­
tion for electromechanical coupling is used to 
analyze each current-pulse measurement. The 
piezoelectric pulse analysis indicates that piezo­
electric polarization may be computed from the 
value of the current jump i j with the aid of Eq. (24). 
The value of a used in Eq. (24) is obtained from a 
best fit to the values of a computed from Eq. (26). 

V. RESULTS 

Experiments were conducted over a large range 
of strain (2 . 4 x 10-3_7 x 10-2 ) to determine the limit 
of elastic response. Experiments at strains from 
4. 3 x 10-2 to 7 X 10-2 were observed to show cur­
rent-time wave shapes with highly nonlinear be­
havior which became increasingly pronounced with 
increasing strain. The distorted wave shapes 
indicate that the model proposed in Sec. IV is in­
sufficient to determine the piezoelectric response 
for strains greater than 4. 3 X 10-2 • The current 
pulses are consistent with that expected from in­
elastic response35 and serve to show that the limit 
of elastic response in shock-loaded X-cut quartz is 
4. 3 X 10-2

• Accordingly, the results to be shown 
are limited to the experiments at strains less than 
this elastic limit. 

To determine the piezoelectric polarization from 
the observed current pulses, the shock velocity 
vs input particle velocity and the current-ratio data 
were represented by statistical fits. To improve 
the statistical confidence in the result, wave­
velocity data from the previous studyll for strains 
between 2. 5 x 10-2 and 4.3 x 10-2 are included with 
measurements from the present investigation. A 
linear fit to the data gives the result 
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U(u) = [(5. 724 ± 0.018) + (0. 312 ± O. 112)u] 

x 103 msec- l , (27) 

where the ± indicates the standard error and umax 
= 250 m sec-I. The experimental error of ± O. 5% 
is felt to be the major contributor to the standard 
error. 

Even though the wave-velocity measurements are 
not as precise as would be desirable, it should be 
observed that the piezoelectric-constant values de­
termined in the present configuration are indepen­
dent of the wave velocity . This result is readily 
obtained by observing that the polarization , Eq. 
(24), and strain, Eq. (13), are both inversely pro­
portional to the velocity; hence, the ratio of polar­
ization to strain is independent of wave velocity. 

The experimentally observed ratios of final cur­
rent to initial current are represented by a linear 
least-squares fit which expresses the value for the 
strain dependence of a as 

a = 0.9996 + (0. 463 ± 0.130)1'. (28) 

Unfortunately, for strains greater than 3 x 10-2 

the current-vs-time pulses showed evidence of 
shock-induced conductivity. The conductivity was 
relatively small and did not affect the first current 
values i j from which the polarization was computed. 
However, final current values if were sufficiently 
changed by the conductivity such that values of a 
could not be calculated from the experimental data 
in this strain range. The value of a is not likely 
to undergo an abrupt change; hence, the values for 
a determined up to 3 X 10-2 are linearly extrap­
olated to strains up to 4.3 X 10-2 to interpret the 
large-strain data. 

Piezoelectric-polarization values were calculated 
with the aid of Eqs. (24), (27), and (28) for each 
of 35 measured current pulses . The r esulting 

I 
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FIG. 4. Piezoelectric polariza­
tion PQ observed at various com­
pressive strains. The dashed line 
is plotted to illustrate the linear 
response which would be observed 
if the direct nonlinear constant 
were zero. The line through the 
data is a plot of the quadratic fit 
which is observed to give an ex­
cellent representation to the data. 
The difference between the ob­
served polarization and the dashed 
line serves to illustrate the con­
tribution of the nonlinear constant 
at the various strains. 

piezoelectric-polarization values are plotted 
against the quadratic strain in Fig. 4. 

To aid in interpretation of the nonlinear effects, 
a line with slope equal to the linear constant is 
shown. The difference between the linear contri­
bution and the observed polarization is that due to 
the nonlinear contribution. It can be readily ob­
served that the experiments utilize strain for 
which the nonlinear contribution is negligible as 
well as strains for which the nonlinear contribution 
is pronounced. 

The line drawn through the data is a quadratic 
least-squares fit. It is apparent that the quadratic 
fit gives an excellent representation to the data. 
This observation confirms that the form of the 
piezoelectric constitutive relation expressed in Eq. 
(10) provides an excellent quantitative representa­
tion to the response of x-cut quartz to strains as 
large as 4. 3 x 10-2

• The data further demonstrate 
that contributions of higher-order terms are negli­
gibly small (a2e ll / cHii <-1O-1 Cm-2 ). 

The quadratic fit to the piezoelectric-polarization 
data yields the result 

P Q = (O.1711±0. 00094)11t + (1.32±0.024)1)L (29) 

where the units are C m -2. The linear term is the 
value of the ell piezoelectric stress constant, and 
the second term is a value for t (aell/ a1)l) ' The 
measurements provide a value for the linear con­
stant with a standard error of 0.55%, the most ac­
curate value achieved to date for this constant. The 
nonlinear constant i s obtained with a standard error 
of 1. 9%. Since the standard errors are consistent 
with the experimental errors , the material exhib­
ited sample-to-sample variations which were sig­
nificantly less than the experimental error . 

A quadratic fit to the data for strains less than 
3 x 10-2

, where conductivity was not observed, 
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FIG. 5. Stress-vs-relative-volume relation which 
describes the elastic compression of X-cut quartz. The 
observed data are best fit by the line which includes 
second-, third-, and fourth-order constants. To illus­
trate the contributions of the various constants, the cal­
culated stress-volume relation for the second-order con­
stant alone is shown along with that of the second- plus 
third-order constant (dashed line). 

shows the same coefficients as those obtained over 
the entire strain range. This observation indicates 
that the conductivity at the higher strains did not 
mask any unusual change in the piezoelectric re­
sponse. 

Determination of high-order elastic constants 
from elastic-shock-compression data is fully de­
scribed in a recent paper6 describing similar mea­
surements for sapphire and fused quartz. The 
present paper follows the methods previously de­
veloped to accomplish a fit to the stress-vs-com­
pression data which is obtained from the shock­
velocity-particle-velocity measurements. In the 
data analysis, each shock-velocity-particle-veloci­
ty pair is used to compute a stress linear compres­
sion point from the conservation of momentum and 
mass, Eqs. (11) and (12). These data are then fit 
to a finite- strain constitutive relation by a method 
of successive approximations. At any particular 
strain the thermodynamic tension includes contri­
butions from all the coefficients; however, the 
individual contributions can be separated provided 
experiments are accomplished over a wide range of 
strain. In the present case, the various tl values 

range from those for which the second-order con­
stant represents the only detectable contribution, 
to those in which both the second- and third-order 
constants represent the only detectable contribu­
tion, to those in which second-, third-, and fourth­
order constants all cause significant contributions. 
Thus, even though a single experiment cannot pro­
vide unique values for all coeffiCients, the com­
plete set of experiments provides unique values for 
all coefficients since the experiments include the 
entire range of compression for which the various 
contributions are experimentally significant. 

The present experiments lead to the stress-vs­
relative-volume relations shown in Fig . 5. The 
contribution of the various constants is illustrated 
by separating the response into the contributions 
from the second- order coefficient alone, the sec­
ond- plus third-order coeffiCient, and the observed 
stress-vs- relative-volume relation which is fit by 
the second-, third-, and fourth-order coefficients. 
The finite- strain elastic constants which fit the data 
are 

Cu = (+ 0.868 ± O. 0095) x 1012 dyn/ cm2 
, 

C l11 = (- 3. O±O. 3) x 10 12 dyn/cm2
, 

CUll = (+75±25 ) x lQl2 dyn/ cm2
• 

VI. DISCUSSION 

Nonlinear acoustics and nonlinear interactions 
among acoustic,3 optical,36 and electrical fields 4 are 
ordinarily concerned with expressions for nonlinear 
properties evaluated as derivatives taken near the 
unstrained position. In that situation the nonlinear 
constants can be related to the fundamental lattice 
dynamical anharmonic effects. Typical experi­
ments to evaluate high-order elastic constants, for 
example, are accomplished at strains less than 
about 10-4. Since the maximum strains in the ul­
trasonic experiments are small, the nonlinear 
properties are expected to be representative of 
states at the unstrained condition. 

The very large elastic limit which X-cut quartz 
exhibits under shock-wave compression allows the 
present measurements to be accomplished at large 
(> 10-4

) strains. Nonlinear contributions which are 
small and difficult to detect under acoustic condi­
tions are substantial and relatively easy to measure 
under elastic shock-compression conditions. The 
smallest strains of the present work are larger 
than those ordinarily employed in acoustic mea­
surements; as such, the present measurements 
extend acoustic measurements of nonlinear proper­
ties by several orders of magnitude in strain. Even 
though the present measurements represent the 
response of the solid at the large strains employed 
in the investigations, it is only through comparison 
to linear and nonlinear acoustic values that smooth 
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TABLE I. Piezoelectric stress constant el1 (C m- 2). 

(± indicates standard error). 

Bechmann (1958)a 
Koga et al. (1958)b 
Graham et al. (1965)° 
Present work 

aReference 21 . ~eference 37. 

0 . 171 
0.174 
0.174± 0.003 
0.1711± 0.00094 

"Reference 11. 

extrapolation to the unstrained state can be finally 
assured. 

While the maximum strain employed in the pres­
ent investigation is substantial (4.3 x 10-2

), it is not 
massive; hence, one would hope that in many cases 
the conditions are characteristic of continuous 
changes from the unstrained position. In fact, any 
observed deviation from a continuous change is 
cause for considerable concern since the discon­
tinuous behavior could possibly be a result of in­
elastic effects. 

Some evidence for a discontinuous change in 
piezoelectric polarization with strain was observed 
in the previous investigation of the piezoelectric 
properties of shock-loaded x-cut quartz . 11 Contrary 
to the previous observations, the present investi­
gation, conducted with improved accuracy and better 
controlled experimental conditions, shows a con­
tinuous increase of polarization with strain. 

A. Piezoelectric Constitutive Relation 

1. Linear Piezoelectric Stress Constant 

The continuously increasing piezoelectric polar­
ization shown in the present investigation indicates 
a smooth extrapolation to zero strain. Inspection 
of Fig. 4 demonstrates that the nonlinear piezo­
electric polarization produces a negligible contri­
bution at the lowest strains; as the strains in­
crease, the nonlinear contribution increases 
smoothly from the low-strain values. The smooth­
ly increasing polarization combined with the ex­
cellent precision of the measurements are strong 
evidence that the linear constant obtained is repre­
sentative of conditions at the unstrained state. 

The linear piezoelectric stress constant ell ob­
tained in the present investigation is compared to 
values obtained by previous investigators in Table 
1. The present work provides the most accurate 
value achieved to date. The measurements pro­
vide values with a standard error of O. 55%. The 
maximum experimental error does not exceed 
±1%. 

Previous authors have utilized the elastic-shock­
compression technique to determine the piezoelec­
tric current response of x-cut quartz at reduced38 

and elevated temperatures . 39 Even though these 
measurements are not as complete as those re­
ported in the present investigation and smooth 

extrapolation to the unstrained state is somewhat 
uncertain, the data of the present paper give some 
confidence in the extrapolation. The values ob­
tained by analyzing the data with the present model 
are shown in Table II. 

Over the temperature interval 295- 573 OK, a tem­
perature coefficient of ~ellleu~T= - 1.5 X 10-4 °C- l 

is obtained. This value should be compared to the 
small-signal measuremeneo of - 1. 6 X 10-4 0C- l 

from 288 to 319 oK. Between 295 and 790 OK the 
elastic-shock-compression measurements show a 
value of ~elJeu~T = -1.6 X 10-4 ° C-l. 

2. Nonlinear Piezoelectric Stress Constant 

The nonlinear piezoelectric stress constant for 
the direct piezoelectric effect, BelJ B1J1> is the 
most unique measurement reported in the present 
paper. The present measurements provide the 
first quantitative value for the strain dependence 
of a piezoelectric constant in any solid. Nonlinear 
piezoelectric constants are of particular interest 
at present because of microwave acoustical studies 
of piezoelectric solids. 4,40 Furthermore, acoustic 
second-harmonic generation at microwave fre­
quencies41 and surface-wave microwave re­
sponses41

,42 may be utilized to detect nonlinear 
piezoelectric response. Recently, microwave 
surface-wave experiments have been employed to 
determine values for the combined nonlinear elas­
tic, piezoelectric, and dielectric surface-wave 
contributions in several materials. 43 

Based on the present model the data from the 
previous elastic compreSSion study at room tem­
peraturell can be analyzed to yield a value for the 
nonlinear constant. The value obtained is Beul B1J 
= - 2.94 ± 0.25 C m -2. Although the standard error 
is appreciable, 8 . 5%, the value is in reasonable 
agreement with the present value (- 2. 64 ± 0.048). 
The nonlinear constant can also be compared to 
that obtained from the acoustic second-harmonic­
generation experiments of Carr and Slobodnik, 44 

who estimated the constant to lie between - O. 5 to 
-7 C m-2

• This order-of-magnitude estimate is in 
agreement with the present value. 

The Maxwell relations for a piezoelectric solid4
,45 

can be employed to demonstrate that BelJ B1Jl 
= - Beul BEl' Although the recent realization17

-
l9 

TABLE II. Piezoelectric stress constants at various 
temperatures (C m- 2). (± indicates standard error.) 

Temperature ile ll 
(OK) e ll ~ Reference 

79 0.177 ± 0.003 -1.1 ±0 .1 5 a 
295 0.1711 ± O. 000 94 - 2. 64± 0 . 048 Present wo rk 
573 0 .164 ± 0.0024 - 2. 8±O . 24 b 

aComputed from the data of Jones (Ref. 38). 
bCa lculated from the data of Rohde and Jones (Ref. 39). 
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that the conventional form of the internal-energy 
function utilized to obtain this identify is thermody­
namically inconsistent, it is nevertheless interest­
ing to compare the experimental values obtained 
in the two experiments. Hruska46 has obtained a 
value of 8c u/ 8E1 = 2.6 with a standard error of 
about O. 8. Although of limited accuracy, the value 
is in good agreement with the present value. It 
would be of considerable interest to accomplish 
more accurate measurements of the field depen­
dence of the C u constant for comparison with the 
present value. 

Although measurement of piezoelectric constants 
under hydrostatic compression involves several 
nonlinear contributions, the results are of interest. 
Jones 47 measured the pressure dependence of the 
piezoelectric strain constant d u to 3 kbar and 
showed that d 11 (P)=du (O)(l + f3P), where Pis t.he 
pressure in kbar and f3= (6. 3 ± 1. 1) X 10-3 kbar-1. 
His results indicate a nonlinear dependence which 
is of the same order of magnitude as that observed 
for the strain dependence. 

The temperature dependence of the nonlinear 
constant can be estimated from the previous elastic 
shock-compression measurements38

•
39 at elevated 

and reduced temperatures . Although insufficient 
data are available to assign accurate values for O! 

needed in the analysis, approximate values can be 
obtained for the piezoelectric polarization by letting 
O! = 1. 0 at all strains. The values obtained from an 
analysis of the elevated and reduced temperature 
data based on the present model are shown in Table 
II. At 573 oK, in contrast to the behavior of the 
linear constant, the nonlinear constant is observed 
to be little changed from the room-temperature 
value. The standard error is large enough, how­
ever, to permit a significant temperature depen­
dence to exist. At liquid-nitrogen temperature 
there is a significant decrease in the nonlinear 
constant even though the linear constant increases 
in value. 

There is presently no basic theory to relate the 
direct effect nonlinear piezoelectric constant to 
fundamental properties of the solid. Several au­
thors4•20 have suggested that Miller's rule48 re­
lating nonlinear optical properties to susceptibility 
could be extended to nonlinear piezoelectric con­
stants. However, Miller's rule has been shown to 
be a specific case of a more general theory based 
on the ionicity of the crystal lattice. 49 When addi­
tional quantitative measurements of nonlinear piezo­
electric constants are obtained on other solids, it 
may be of interest to apply similar theoretical tech­
niques to the study of nonlinear piezoelectric effects . 

3. Straitl Depetldetlce of Permittivity 

The electrostatic analysis developed in Sec. IV 
demonstrates that the ratio of the strained to un-

strained permittivity, O!, is directly related to the 
ratio of initial current jump when the shock front 
first enters the sample to the current when the 
shock reaches the rear electrode. This electro­
static model, with a correction applied for electro­
mechanical coupling, was utilized to determine 
values for the strain dependence of QI from the ex­
perimentally observed current pulses at various 
strains. SinCe€~t(8€u/ 87h) = 1-QlandQl"'1, the 
value obtained for the strain dependence of the 
permittivity is inaccurate but quantitative. The 
least-squares fit to the data represented by Eq. (28) 
gives a value of 

-1 8€u 4 13 IOu -=- O. 6 ±O. , 
8171 

where the ± indicates the standard error. 
Lysne50 has performed elastic Shock-compres­

sion experiments with thin X-cut quartz disks sub­
jected to multiply reverberating waves. He utilized 
a different form for the constitutive relations in 
order to develop expressions for electromechanical 
current distortions for many wave reverberations. 
His data can be analyzed to yield a value €~~(8€lJ 
8171)=- O. 5. This is in good agreement with the 
present value. 

Since the strain dependence of permittivity has 
not been measured previously, several authors4

•
20

•
44 

have applied thermodynamic identities to estimate 
values for this constant from the photoelastic con­
stant. There appears to be little physical basis for 
such a calculation since the elasto-optic constants 
are measured at optical frequencies which yield 
only the electronic contribution to permittivity. 
Ultrasonic frequency values, on the other hand, in­
clude contributions from electronic and lattice polar­
izability. Nevertheless, it is of interest to note 
that the value of the strain dependence of the per­
mittivity deduced from the photoelastic constant is 
in reasonable agreement with our measurements. 

Carr and Slobodnik44 have related the constants 
directly through the relation 

_1 810 11 €l p 1011--=-- 11 
8171 100 

(30) 

which neglects the frequency difference of the two 
experiments . McMahon2o relates the two constants 
by applying a frequency correction proportional to 
the square of the ratio of the susceptibilities. 
When this frequency correction is employed, 

€~~(~~11)= - :~1 t(n2n~ 1 y Pu , (31 ) 

where X is the ultrasonic frequency susceptibility 
and n is the refractive index. With a value of Pu 
= 0.138 (Ref. 30) and n = 1. 5 (Ref. 51), the strain 
dependence of the permittivity is calculated to be 
- 0.62 and - 1. 12 for the directly related and fre-
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TABLE III. Elastic constants of X-cut quartz 0.012 dyn 
cm-2). 

McSkimina 

Thurstonb 

Fowlesc 

Present workd 

aReference 57. 
"Reference 22. 
"Reference 15. 

Cu 

0.8680 

0.868 ± 0.0095 

CU1 CU11 

-2.1 
+ 160 

-3.0±0.3 +75 ± 25 

d± indicates a maximum error based on experimental 
precision. 

quency- corrected calculations, respectively. 
Thus, it appears that a reasonable estimate for the 
strain dependence of the permittivity of x-cut 
quartz can be calculated from the elasto-optic con­
stant if no frequency correction is applied. 

A somewhat similar situation obtains for sap­
phire (Q!-Al20 3). Previously reported measure­
ments52 of the change in permittivity of sapphire 
subjected to. elastic shock compression along the 
z axis can be analyzed to show that 

E;~ aE33 = + 2. 39± 0.044. 
a1/3 

This value can be compared to the elasto-optic 
datawithn=1.768 (Ref. 53), P3 =-0. 30 (Ref. 53), 
and E33/ Eo = 11.55 (Ref. 54). Equation (30), which 
utilizes no frequency correction, predicts a value 
E;~(aE3Ja1/I) =+ 3 . 4, while Eq. (31), which applies 
a frequency correction, predicts a value of + 4. 2. 
Thus it appears that a reasonable estimate of the 
strain dependence of the permittivity of both x-cut 
quartz and Z-cut sapphire can be obtained from 
elasto-optic data on the basis of Eq. (30) . This 
agreement is believed to be somewhat fortuitous 
and is probably related to the fact that the static 
and high-frequency dielectric constants for quartz 
and sapphire are not vastly different. Particularly 
in view of the increased interest in photo elastic 
constants,55 the relationship between elasto-optic 
constants and the strain dependence of permittivity 
appears to warrant further investigation. 

B. Elastic Constitutive Relation 

The elastic constants obtained from the present 
investigation are compared to values reported by 
other investigators in Table ill . Good agreement 
for the high- order constants is not achieved between 
the various investigators. 

The fourth- order constant reported by Fowles l5 

was obtained from measurements over a limited 
range of strain. Furthermore, his value was ob­
tained by assuming that the ultrasoniC third-order 
constant was representative of the large-strain 
response and the question of extrapolating the ultra­
sonic values to large elastic strains was not criti-

cally examined. The experiments also involved in­
elastic response. F Jr these reasons , the present 
value is better established and is to be preferr ed . 

The difference between the third- order constant 
obtained ultrasonically and under elas tic shock 
compression is larger than can be accounted for 
from the various experimental errors . The two 
values lead to quite different descriptions for the 
propagation of a finite-amplitude strain wave. 
Thurston56 has pointed out that a linear elastic re­
sponse is obtained if c 1l1 = - 3cll and that dispersion 
in the wave profile will be obtained if C llI < - 3cn. 
On the basis of the ultrasonic value57 of c lll 

= - 2. 6c ll , a step-function strain wave of 10-2 would 
be expected to disperse to a ramp wave whose rise 
is about 2 nsec / mm of traveL. 

The present experiments show that cnl = - 3.46c ll 

and show no evidence for dispersive behavior even 
though both the wave transit time and current am­
plitude measurements are sensitive to wave speed 
and both are determined with different sample 
thicknesses . An unrealistically large value for the 
fourth-order constant would have to be invoked to 
maintain the steady-wave profile. This large value 
for the fourth-order constant would cause unreal­
istic response at the larger strains employed in the 
elastic shock-compression investigation. Thus 
there seems to be no way to bring the ultrasonic 
and elastic shock-compression values into agreement , 

It should be noted, however, that Thurston et al . 
used various data-reduction weighting schemes to 
combine their uniaxial-stress and hydrostatic­
pressure measurements. The best fit to their 
uniaxial-stress data alone shows CUI = - 2.6 X 1012 

dyncm-2 with a standard error of 0 . 46. This value 
is in much better agreement with the present value. 
Thurston et al . also observed similar differences 
between their uniaxial-stress data and the combined 
data for the CS33 constant. 

It should be recalled that the elastic constitutive 
relation was developed with the "weak-coupling" 
approximation which neglects the piezoelectric con­
tribution to stiffness. Since the nonlinear piezo­
electric constants are now known, the piezoelectric 
stiffening terms for third- and fourth-order can be 
evaluated. The high-order piezoelectric coupling 
relations can be readily developed from Eq. (7) by 
noting that the electric field under open circuit 
(D = const) conditions is 

( 
1 ae n ) ( aEll )-1 

en +2 aT/; 1/1 1/1 .ell + aT/; 1/ . 

When this value of electric field is substituted into 
Eq. (7) and the thermodynamic identity ae/ aE 
= ad a1/ is utilized, it follows that the open- circuit 
constants CPI' cPu, and CPlll can be expressed in 
terms of the internally short-circuited constants 
cfl> cfn, and Cflll as 
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and 

Substituting values from the present paper into 
these expressions gives the result that 

eft = eft (1 + 0.0084) , 

cfu = cfu(l +0.11- o. 0011), 

and 

Cf111 = cf111 (1 + 0.023 - 0.0021 + 0.00002). 

The contribution of piezoelectric stiffening to the 
third-order constants is calculated to be 11%. This 
value is large enough such that it should be observ­
able in ultrasonic experiments conducted on low 
resistivity and open-circuited samples. The con­
tributions to stiffening due to the nonlinear con­
verse-effect constant [(1/ E:)(aE/ a1/)] are noted to be 
very much less than the contribution of the direct­
effect nonlinear constant ae/ a1/. 

VII. SUMMARY 

The present paper reports the first quantitative 
experimental measurement of a nonlinear piezo­
electric constitutive relation. The measurements 
yield the most accurate value reported to date for 
the linear piezoelectric stress constant of x-cut 
quartz, the first quantitative measurement of a 
nonlinear piezoelectric constant for the direct ef­
fect, and a value for the strain dependence of the 
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l For definitions of crystallographic orientations and 
piezoelectric constants see Proc. IRE 37, 1378 (1949). 
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permittivity. The longitudinal finite- strain elastic 
constitutive relation for x-axis compression was 
determined with second-, third-, and fourth-order 
elastic-constant measurements which represent 
the compression of the solid to compressive strains 
up to 4. 3 X 10-2

• The third-order constant value 
appears to differ significantly from the value deter­
mined from ultrasonic experiments. The technique 
seems generally applicable to the study of other 
piezoelectric solids which exhibit large elastic 
limits under shock-wave loading and should permit 
nonlinear piezoelectric constants to be studied in 
some detail. 
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